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Paul Gartside and George Sparling,
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Week 6 Lecture 3

Introduction

How can we measure the length of a curve?

If the curve were a line segment then we would have no problem finding
its length.

So our approach is to approximate the curve by line segments, add up

their lengths, and then take the limit.




The Length of a Curve

Let C be a curve described by the parametric equations:
z=f({t) y=g@1) a<t<h,

such that f'(¢) and ¢'(¢f) are continuous and not simultaneously zero for
a <t<b(C is smooth).
Approximate the length of C' as follows:

e Divide [a, b] into equal subintervals, each of length At = (b—a)/n. Let
to, t1,-..,t, be the endpoints.

e Let z; = f(t;) and y; = g(¢;). Then P, = (x;,y;) is a point on C.

e Let /; be the length of the line segment from P;,_; to P;. Then the total

length of the approximating lines is:

As n increases to infinity, our approximation L, gets ever closer to the

true length, L, of the curve C:

n—00 n—00 £

L= lim L, = lim Zz,-.
=1



Curve Length as an Integral

Have:
C' a smooth curve, parametrized by x = f(t) and y = g(t) for ¢ € [a, b].
The interval [a,b] divided into subintervals of equal lengths, with end-
points tg, t1, ... ,t,. Let At = (b—a)/n.
Let z; = f(t;), yi = g(t;). Let P; = (x;,y;). Let £; be the length of the

line segment from P;_; to P;.
Then the length, L, of C'is: L = lim ZE
n—oo

Now let Ax; = z; — x;_1, and Ay; = yZ . By the definition of the

derivative, for At small,

f’(t) AAJ;;Z g'(ti) ~ AAr’.Jtz
so: Az = f'(t;) At Ay; = ¢ (t;) At.
Hence,
b= V(Aw) + (Ay)?
~ V(f(L)AD? + (g (H)AL)?
= V()2 + (g(1)2At,
and so,
L~ S VORGP
Taking the limit as n — oo gives:
L= lim Z\/ FO)PAL = / NOET IO



Arc Length Example

Theorem 1 If a smooth curve with parametric equations x = f(t), y = g(t),

t € [a,b] is traversed exactly once as t increases from a to b, then its length

T

Example 2 Find the length of the arc of the curve x = t3, y = t2, that lies
between the points (1,1) and (8,4).

18:

Solution. The part of the curve between (1,1) and (8,4) corresponds to

the parameter interval [1,2]. So the arc length formula gives:

dy ? 2
L = — ) dt= [ /(3t2)2 + (2t)2dt
dt .
2
_ / VAZ T Of dt = / AT IR dy
1 1

2

= [217(4-1—9752)3/2} = 2%(80\50— 13v/13).
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Non Parametric Curves

Given a curve with equation y = f(x), « € [a, b], then we can regard x as the
parameter. So that the parametric equations are x = z, y = f(x), = € [a, b].

Hence the Arc Length Formula becomes:
b 2
dy
= 1 — | dz.
[y (dx) !
Similarly, if the curve has equation z = g(y), y € [a, b] then the length is:

/,/ dw +1dy

Evaluating the integrals which turn up in Arc Length problems is often

hard and frequently impossible to do explicitly.



Non Parametric Example (I)

Example 3 Find the length of the arc of the parabola y*> = x from (0,0) to
(1,1).

Solution. Since r = y?, we have dz/dy = 2y, and hence:

1 1
L = /\/(Qy)z—l—ldy:/ V14 4y? dy
0 0
1 /2
= 5/ V1+u?du (substitute u = 2y)
0

1 [tan 1(2)
= —/ sec(t) dt (substitute u = tan(t))
0

2
= % [sec(z) tan(x) + In | sec(z) + tan(a:)”gan_l(Z)
B % (‘/5+ %ln(\@m)) .



Non Parametric Example (II)

Example 4 FEstimate the length of the arc of the hyperbola zy = 1 from
(1,1) to (2,1/2).

Solution. We have,

dy 1

= over the interval [1,2].
€T X

Yy=—, SO

T

The length of the arc is then:

v 1
0 x

It is not possible to integrate this exactly. So evaluate the integral using the

Midpoint Rule:

z; 1.0 1.15 125 135 145 155 165 1.75 1.85 1.95
f(zy) || 1.350 1.254 1.187 1.141 1.107 1.083 1.065 1.052 1.042 1.034
Hence,

L~ (1.350 + 1.254 + 1.187 + 1.141 + 1.107 + 1.083 + 1.065
+1.052 4 1.042 + 1.034) (0.1)
= 1.131.



Keep on Rolling...

Consider a wheel of radius R. Fix a point P on the wheel. Now let the wheel
roll on level ground and consider the path traced by P. The path is called a
cycloid.

)/ P(X’y)
/

Let ¢ be the angle between the vertical and the ray that extends from the

center of the circle to P. Then the x and y coordinates of P are:
xz = xz(t) = R(t —sin(t)) y =y(t) = R(1 — cos(t)).
Problem 1 Show that the length of one arch is:
2w
L= R/ V21 = cos(®) dt.
0
Use the half angle formula (below) to evaluate L:

sin®(u) = %(1 — cos(2u)).



The Arc Length Function

Let C be a smooth curve with equation y = f(x), = € [a,b]. Let s(x) be the
length along C' from the point (a, f(a)) to (x, f(z)).

Then s is a function on [a, b], the arc length function, and:

(o) = [ I+ PP
By the Fundamental Theorem of Calculus,
b _ ATFEr =1+ (@)
dx dz
Note that the derivative of s with respect to x is always > 1.

Example 5 Find the arc length function for the curve y = In(cos(z)) taking
(0,0) for the start point.

Solution. We have y = f(z) = In(cos(z)). So f'(x) = — tan(z).

And hence,
1+ f'(z)? = 4/1 + tan?(z) = sec(x).

So,

s(x) = /Oz sec(t) dt = [In|sec(t) + tan(t)|]y
= In|sec(z) + tan(z)|.



Problems

Problem 2 Graph the curve and find its exact length:
e x=clcos(t) y=celsin(t) 0<t<7

Problem 3 The figure shows a telephone wire hanging between two poles

x = —b and x = b. It takes the shape of a catenary with equation
y = 2 (ez/a + efw/a) )
2
Find the length of the wire.
Yy /N
=1
— o O +Io —

Hints: Note that:

1+ (ylemafa) - exp(—x/a)))2 — (ylexp(e/a) + exp(—x/a)))2 .

Problem 4

(a) Graph the curve y = 2*/3 + 1/(4z), with z > 0.

(b)  Find the arc length function for this curve with starting point
(1,7/12).

(c) Graph the arc length function.

Hints: For part (b) note that:
1)’ 1)’
1+(P——=) =+ .
(o) = ()
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Solutions

The Question: Graph the curve and find its exact length:

e r=c'cos(t) y=celsin(t) 0<t<m

Solution. The derivatives of the x and y coordinate functions are:

7'(t) = e(cos(t) —sin(t))  y'(t) = e'(sin(t) + cos(t)).

The Arc Length Formula for a parametric curve gives:

L = /0 " (et (cos(t) — sin(1)))? + (¢! (sin(t) + cos(t)))? d
= /7r V2etdt = V2(e" - 1).

O

The Question: Find the length of the catenary,

y = g (em/a + e_z/“) from —b to b.

Solution. The derivative of y is,

!

Y = (e — el

N | —

Hence the length from —b to b is,

b 2
L = / ‘/1 + (@) dz
—b dx
b 1 ,
— / 1+ = (ea:/a _ ef:v/a) dx
L 1
b

1
= / §(e””/a + e %) dg (using the hint)
—b

= a(exp(b/a) — exp(=b/a)).
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0

The Question:

(a) Graph the curve y = 2*/3 +1/(4z), with = > 0.

(b)  Find the arc length function for this curve with starting point
(1,7/12).

(c) Graph the arc length function.
Solution. (a) and (b) — use Maple. Lets do (c).

The derivative of y is y' = 2 — 1/(4x?). Hence the arc length function is:

2
L = t2—— dt
/\/ 4t2

= /1 <t2 + 4—1?) dt (using the hint)

Az — 3 — ¢
12z ’
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Summary
You know:

e How the length of a curve is defined and interpreted as an integral
e Arc Length Formulae:

— Parametric version

o= [ (%) ()
Lz/abwl—i- (Z—Z)de.
b= [ ()

e The definition of the arc length function

s(z) = /0;C V14 f(t)2 dt.

— Function in z

— Function in y
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